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Mesh improvement by minimizing a weighted sum of squared
element volumes
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SUMMARY

We describe a new mesh smoothing method that consists of minimizing the sum of squared element volumes
over the free vertex positions. To the extent permitted by the fixed vertices and mesh topology, the resulting
mesh elements have uniformly distributed volumes. In the case of a triangulation, uniform volume implies
well-shaped triangles. If a graded mesh is required, the element volumes may be weighted by centroidal
values of a sizing function, resulting in a mesh that conforms to the required vertex density. The method has
both a local and a global implementation. In addition to smoothing, the method serves as a simple parameter-
free means of untangling a mesh with inverted elements. It applies to all types of meshes, but we present
test results here only for planar triangle meshes. Our test results show the new method to be fast, superior in
uniformity or conformity to a sizing function, and among the best methods in terms of triangle shape quality.
We also present a new angle-based method that is simpler and more effective than alternatives. This method
is directly aimed at producing well-shaped triangles, and is particularly effective when combined with the
volume-based method. It also generalizes to anisotropic mesh smoothing. Copyright c© 0000 John Wiley &
Sons, Ltd.
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1. INTRODUCTION

The problem of mesh generation arises in a number of scientific and engineering applications.
The mesh is usually a partition of a two-dimensional region into triangles or quadrilaterals, or
a three-dimensional region into tetrahedra or hexahedra. It may represent a discretization of an
object to be analyzed or rendered, or the domain of a function to be approximated, perhaps as a
piecewise polynomial solution to a PDE. If constant vertex density is acceptable, and the region has
a rectangular boundary, and bias in favor of principal directions is not a problem, then a uniform
rectangular grid is adequate. Otherwise an unstructured mesh is required, and the mesh generation
problem becomes nontrivial. The cost of a simulation or a finite element analysis increases with the
number of elements, but there must be enough elements to meet accuracy requirements in terms of
discretization error. The discretization error and cost of solving linear systems depend on the shape,
as well as the size, of the elements. Poorly shaped elements can result in ill-conditioning of stiffness
matrices and large interpolation error in the H1 norm ([1, 2]).

The mesh smoothing problem is that of improving a pre-existing mesh by repositioning the
free vertices, either with fixed connection topology, or in combination with alteration of the mesh
connections. Mesh smoothing may be part of the mesh generation process. A good strategy for
achieving maximum efficiency might be to generate a coarse mesh by a simple method, apply a few
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2 R. J. RENKA

sweeps of a local smoothing method, and then uniformly refine the smoothed mesh to the extent
necessary to meet the accuracy requirements.

Note that the term mesh smoothing also refers to the problem of removing noise from a surface
mesh whose vertices might be obtained by range finding. That is not the problem we treat here. The
focus here is on finite element meshes rather than on surface meshes, but our local methods can be
extended to a surface mesh. In order to preserve local shape and volume, the motion of a vertex
must be constrained to a tangent plane (whose normal can be computed as a weighted average of
normals to the adjacent triangles) or to a line if the vertex lies on an edge or crease. Also, the set of
fixed vertices must be expanded to include corners in addition to boundary vertices.

Mesh smoothing methods are often characterized as belonging to either of two categories (or
a mixture of the two): optimization-based methods in which some measure of element quality is
maximized, or local methods consisting of one or more sweeps through the free vertices with each
vertex moved to a new position that depends only on the positions of its 1-ring neighbors with the
remaining vertex positions fixed. Local methods are generally simple and fast while optimization-
based methods are slower but more robust. The squared element volume method presented here
can be placed in either category. It is optimization-based but the energy functional is smooth and
easily minimized by computing a zero of its gradient. In fact, although gradients are nonlinear, the
gradient components associated with a free vertex are linear in the components of that vertex. Hence,
a Gauss-Seidel iteration does not require solution of a nonlinear equation, and is thus similar to any
other local method. Refer to [3, 4, 5, 6, 7, 8, 9, 10, 11] for some of the early work in this area.

The mesh untangling problem occurs when a pair of elements overlap; i.e., one or more elements
have negative signed volume. This occurs in moving boundary problems or can result from
nonrobust mesh generation or mesh smoothing algorithms. Current methods for untangling meshes
are quite elaborate and, with the exception of [12], must be followed by a smoothing procedure
([13, 14, 15, 16, 17]). We will show that the new methods concurrently smooth and untangle
if necessary. Furthermore, they are parameter-free. The primary limitation of current untangling
methods is the use of parameters that must be chosen in a heuristic manner or be removed by
parameter continuation.

Section 2 contains brief descriptions of several smoothing methods, including a new local method
designed to produce uniform angles. The squared element volume method is presented in detail in
section 3, and test results are discussed in section 4. Section 5 concludes the paper.

2. MESH SMOOTHING METHODS

This section provides the background necessary to place the new methods in context. Each
subsection contains a brief description of one or more mesh smoothing methods. The methods are
described for triangle mesh smoothing, but all of them are readily generalized to tetrahedra. We
assume a conforming triangle mesh with vertices in R2 and define the following notation: F is the
set of free vertices, vi is an element of F with counterclockwise-ordered sequence of neighbors vj
for j = 0, . . . , n with v0 = vn, and Ωi is the star or patch of vi — the set of triangles τj that contain
vi. For j = 0, . . . , n− 1, denote by Aτj the signed area of τj :

Aτj =
1
2

(vj − vi)× (vj+1 − vi)

=
1
2

det(vj − vi,vj+1 − vi)

=
1
2

(xj − xi)(yj+1 − yi)− (xj+1 − xi)(yj − yi)

with vj = (xj , yj).
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MESH IMPROVEMENT BY MINIMIZING SQUARED ELEMENT VOLUMES 3

2.1. Laplacian smoothing

The simplest and cheapest mesh smoothing method is Laplacian smoothing. It consists of a sequence
of sweeps in which each free vertex vi is moved to the centroid v∗i of its neighbors:

v∗i =
1
n

n−1∑
j=0

vj . (1)

This has a physical interpretation as the minimizer of the potential energy in a system in which vi is
attached to its neighbors by springs that exert an attractive force proportional to the separation
distance. The energy is proportional to the sum of squared edge lengths. Laplacian smoothing
is not guaranteed to converge, and often only the first few sweeps are beneficial. Furthermore,
it can produce inverted elements — triangles with negative signed area. This problem can be at
least partially remedied by alternating smoothing sweeps with Delaunay edge swaps in which an
edge shared by two triangles forming a convex quadrilateral is replaced by the other diagonal. The
Delaunay edge swapping criterion consists of choosing the pair of triangles whose circumcircles
exclude vertices from their interiors or, equivalently, which maximize the minimum of the six angles.
A few sweeps of Laplacian smoothing with edge swapping can be quite effective ([18]).

When Laplacian smoothing is constrained to prevent a decrease in some measure of element
quality, the method is termed smart Laplacian smoothing (e.g., [19, 20]). As before, a new vertex
position is computed as the average of the neighbor positions, but the vertex is not moved unless the
new position would improve the shape quality of the affected elements. This eliminates the potential
for inverted elements but incurs the additional cost of evaluating element shape quality with both
the initial and candidate positions.

2.2. Centroidal Voronoi Tessellation (CVT)

The Voronoi region Vi associated with vertex vi is the set of points in R2 that are closer to vi
than to any of the other vertices. The set of Voronoi regions partitions the plane and is dual to the
Delaunay triangulation of the vertices (which partitions the convex hull of the vertices): there are
one-to-one correspondences between Voronoi regions and triangle vertices (which are also referred
to as Voronoi centers or Voronoi generators), between Voronoi vertices and triangle circumcenters,
and between Voronoi edges and triangle edges, each of which is perpendicular to its counterpart. A
Voronoi diagram in which the Voronoi centers coincide with the centroids of the Voronoi regions is
referred to as a Centroidal Voronoi Tessellation. Equivalently, the set of free vertices in a CVT is a
critical point of

φCVT(F) =
nv∑
i=1

∫
v∈Vi

‖v − vi‖2, (2)

where nv is the number of vertices ([21]). Note that the integration domains, as well as the
integrands, depend on the free vertices F . Lloyd’s algorithm consists of iterating on computing the
Voronoi diagram associated with the current vertices and moving the free vertices to their Voronoi
region centroids ([22]). The method is easily generalized to a graded mesh by including a density
function as a factor in the integrand.

2.3. Optimal Delaunay Triangulation (ODT)

Consider the problem of approximating the quadratic function f(v) = ‖v‖2 by the piecewise linear
interpolant associated with a triangulation. One of the many characterizations of the Delaunay
triangulation of a fixed set of vertices is that it is the choice that minimizes the interpolation error
measured in the Lp(Ω) norm for 1 ≤ p ≤ ∞, where Ω is the convex hull of the vertices ([23]). When
the interpolation error in approximating f is minimized over the free vertex positions F (with the
number of vertices fixed), as well as the connection topology, the solution is termed the Optimal
Delaunay Triangulation. The theory is very nicely presented by Chen and Xu ([24]) and further
developed by Chen in [25]. The energy functional defining the ODT appears to be very similar to
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4 R. J. RENKA

that of the CVT, but the domains of integration are the overlapping patches:

φODT(F) =
1
3

nv∑
i=1

∫
v∈Ωi

‖v − vi‖2. (3)

Alliez et al proposed the use of Delaunay edge swaps for optimal connectivity combined with
minimization of the ODT energy functional, and showed that the minimizer can be expressed as

v∗i =
1
|Ωi|

∑
τj∈Ωi

Aτjcj , (4)

where cj is the circumcenter of τj ([26]). In order to treat a graded mesh, the triangle areas may be
scaled by barycenter values of a density function. The method is referred to as Weighted Centroid
of Circumcenters (WCC) in [27].

2.4. Centroidal Patch Triangulation (CPT)

Instead of the centroid of its neighbors as in Laplacian smoothing, a free vertex vi may be moved
to the centroid of its star Ωi:

v∗i =
1

6|Ωi|

n−1∑
j=0

(vj × vj+1)(vj + vj+1)

for patch area |Ωi| =
∑n−1
j=0 Aτj . An alternative expression is obtained by translation:

v∗i − vi =
1

6|Ωi|

n−1∑
j=0

(vj − vi)× (vj+1 − vi)(vj − vi + vj+1 − vi)

=
1
|Ωi|

n−1∑
j=0

Aτj (bj − vi)

for triangle centroids (barycenters) bj = (vi + vj + vj+1)/3 so that the centroid of the patch is a
convex combination of the triangle centroids, where the coefficients are the relative triangle areas:

v∗i =
1
|Ωi|

n−1∑
j=0

Aτjbj . (5)

A more general expression that accounts for variable vertex density includes a positive weight wj
(the barycenter value of density) assigned to each triangle:

v∗i =

∑n−1
j=0 wjAτjbj∑n−1
j=0 wjAτj

. (6)

The previous two equations define methods referred to as CVT smoother I and CVT smoother II,
respectively, in [25] and [27], and as CPT (Centroidal Patch Triangulation) in [28] where it is shown
to minimize an approximation of φODT. It has the advantage over ODT that barycenters are cheaper
to compute than circumcenters, and are contained in their triangles, hence requiring no special
treatment near the boundary.

2.5. Angle-based smoothing

Zhou and Shimada proposed a local smoothing method designed to produce uniform angles by
approximating a minimizer of a torsional spring system in which each vertex is connected to its
neighbors by springs that apply torsional force rather than tension as in Laplacian smoothing ([29]).
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MESH IMPROVEMENT BY MINIMIZING SQUARED ELEMENT VOLUMES 5

The energy functional associated with vi is the sum of squared angles between the edges containing
vi and the sides of the polygonal boundary of Ωi. The heuristic used by Zhou and Shimada to
approximate the minimizer is to move vi to the centroid of the n points obtained by rotating each
vector vi − vj about the point vj so that it is collinear with the bisector of the angle between the
polygon sides at vj .

Xu and Newman showed that better results could be obtained by minimizing the sum of squared
distances from vi to the bisectors of the angles in the patch boundary. They used a Gauss-Newton
method with a line search to treat the nonlinear least squares problem. We found it much simpler
and more efficient to use a Gauss-Seidel iteration.

We also implemented a new method in which we replaced the sum of squared distances to
bisectors by a weighted sum of squared triangle areas with the weights chosen to produce uniform
distance from the new vertex position vi to the polygon sides. By making vi approximately
equidistant from the polygon sides, we are placing it near the bisectors of the angles and thus
promoting a uniform distribution of angles. The key idea is that the distance to a polygon side
is proportional to a triangle area divided by the side length. Rather than weighting the triangle by a
value of a sizing function, we take the weight to be the reciprocal of the opposite side length or face
area in the case of tetrahedra. We then get uniform distances and hence angles by the theorem in the
following section. This method is simpler and cheaper than that of Xu and Newman, especially in
its extension to tetrahedra, and our test results show that it is often more effective. Also, unlike the
other angle-based methods, it does not fail in the presence of a degenerate patch.

Compared with the squared element volume method, the new angle-based method is slightly less
efficient in terms of cost per iteration, it has no global counterpart, and of course it is less effective
in terms of uniformity or conformity to a sizing function. However, it may produce better element
quality on some data sets, especially when combined with the volume-based method. Furthermore,
it is easily generalized to anisotropic smoothing.

Anisotropic smoothing. Many problems, such as those arising in fluid flow, have an anisotropic
character with solution values changing more rapidly in one direction than in another. Efficient
finite element treatment of such problems requires an anisotropic mesh in which elements have
large aspect ratio and different orientation in different regions ([30, 31, 32, 33, 34]).

We assume that a metric tensor field represented by a symmetric positive definite matrix M at
each point is given. Such a field might be based on the Hessian of an approximate solution, along
with interpolation if only discrete values are known.

The new volume-based method does not generalize to anisotropic smoothing, but the angle-based
method does. In fact, it’s as simple as computing the distance from vertex vi to the sides of its patch
Ωi using the M metric evaluated at vi. This method has potential for effectively treating the very
important and largely unsolved problem of anisotropic smoothing in 3D.

3. SQUARED ELEMENT VOLUME

The methods described in the previous section are designed to produce a good distribution of
vertices by making edge lengths or angles uniform. The fact that uniform element volume can
be obtained by simply minimizing the sum of squared volumes seems to have been overlooked in
the literature on mesh refinement. We actually made this observation in the context of computing
triangle mesh approximations to minimal surfaces in [35]. Also, refer to [36].

In order to allow for a graded mesh we assume the existence of a relative sizing function defined
on the mesh domain. Each element is then weighted by the reciprocal of the centroidal value of the
sizing function. We will show that, to the extent permitted by the fixed vertices, a pair of elements
in the smoothed mesh will have volume ratio equal to the reciprocal of the weight ratio so that large
weight corresponds to small volume and high vertex density.

The least squares energy functional depends on both the free vertex positions F and the
connection topology, but assume for the moment that the connections are fixed, and denote the
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6 R. J. RENKA

energy by
φ(F) =

∑
wτ A

2
τ , (7)

where the sum is over the elements, wτ is the weight associated with element τ , and Aτ is the area
or volume of τ . The gradient g = ∇φ(F) has an order-2 or order-3 block associated with each free
vertex vi:

gi = 2
∑
τ∈Ωi

wτ Aτ ∇iAτ . (8)

Theorem 1
Denote the set of signed element volumes by V and suppose that the only constraint on V is that the
values add to c for some positive constant total volume c. Then a necessary and sufficient condition
for ψ(V) ≡ φ(F) to be minimal is that all weighted element volumes wτAτ are identical.

Proof
For N elements the problem is to minimize ψ over RN subject to the constraint∑

Aτ∈V
Aτ = c.

Define the Lagrangian

L(V, λ) = ψ(V)− λ

( ∑
Aτ∈V

Aτ − c

)
=
∑
Aτ∈V

wτA
2
τ − λ

( ∑
Aτ∈V

Aτ − c

)
.

By the KKT conditions, as described in [37] for example, a necessary condition for V to be a local
solution to the constrained optimization problem is that there exists λ such that ∇VL(V, λ) = 0;
i.e.,

2wτAτ − λ = 0

for all Aτ ∈ V . Conversely, suppose that all wτAτ values are identical. Then the gradient block
associated with vertex vi is

gi = 2
∑
τ∈Ωi

wτ Aτ ∇iAτ = 2wτ Aτ
∑
τ∈Ωi

∇iAτ

= 2wτ Aτ ∇i

(∑
τ∈Ωi

Aτ

)
= 0,

since the patch volume
∑
τ∈Ωi

Aτ is independent of the position of vi.

Of course the fixed boundary vertices constrain the free vertex positions which in turn constrain
the element volumes so that ψ is not well-defined for arbitrary elements of RN and, in general, we
can only approximate the minimizer of ψ by minimizing φ. However, with a smooth boundary and
good distribution of boundary vertices, a minimizer of φ has very little deviation from the desired
density and, in the case of simplices, the elements have good shape quality. A complex boundary,
on the other hand, requires more elaborate methods, such as those described in [27], to ensure good
shape quality.

To make precise the sense in which a small value of ψ implies nearly constant weighted element
volume, define β on RN by

β(V) = ‖V − k‖2w,

where kτ = k/wτ for arbitrary constant k ∈ R, and ‖ · ‖w is the norm associated with the inner
product defined on RN by

〈a, b〉w ≡
∑
τ

wτaτ bτ .
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MESH IMPROVEMENT BY MINIMIZING SQUARED ELEMENT VOLUMES 7

Then

β(V) = ‖V‖2w − 2〈V,k〉w + ‖k‖2w
=

∑
τ

wτA
2
τ − 2

∑
τ

wτAτk/wτ +
∑
τ

wτ (k/wτ )2

= ψ(V)− 2kc+ k2
∑
τ

(1/wτ ),

so that minimizing ψ is equivalent to minimizing β which may be written as a weighted sum of
squared deviations of wτAτ from a constant:

β(V) =
∑
τ

wτ (Aτ − k/wτ )2 =
∑
τ

(1/wτ )(wτAτ − k)2.

(The constant k for which β is minimal is k = c/
∑
τ (1/wτ ).) Also, by approximating a minimizer

of ψ (and β), we are forcing the signed element volumes Aτ to approach the positive values k/wτ ,
thereby untangling the mesh. The methods of [14, 15, 17] treat the untangling problem directly by
minimizing a norm of the difference between the signed and unsigned element volumes.

We turn now to a precise formulation of the method. Unless we wish to retain the connection
topology of the initial mesh, we may alternate between changing the topology via edge swaps with
fixed vertices, and repositioning the free vertices by computing a zero of the gradient. Note that,
while g = 0 is a nonlinear system, each element volume, and hence gi, is linear in the components
of vi, and a Gauss-Seidel or SOR method requires only solution of an order-2 or order-3 linear
system at each step. Unlike most local methods the new vertex position cannot be expressed as
a convex combination of points, but the computational procedure and cost are very similar. We
have the option of applying a small fixed number of sweeps or iterating to convergence, in which
case overrelaxation can be beneficial. Also, in some applications it may be advantageous to use a
global method that more effectively reduces the low-frequency error components. We implemented
a Gauss-Newton method with globalization by a trust region using a dogleg method to solve the
trust region subproblems ([37]). Convergence is defined by an upper bound of 5× 10−5 on the
relative change in the energy functional. Test results in section 4 demonstrate the effectiveness of
the method. Denote by G the Gauss-Newton approximation to the Hessian∇2φ(F). This is a sparse
symmetric positive definite matrix with diagonal blocks

Gii = 2
∑
τ∈Ωi

wτ ∇iAτ (∇iAτ )T , (9)

and offdiagonal blocks
Gij = 2

∑
wτ ∇iAτ (∇jAτ )T , (10)

where the sum is over the elements that contain both vertices vi and vj . It remains to specify an
expression for the gradient of Aτ . We treat the standard element shapes below.

Triangles and quadrilaterals. In the case of a triangle with cyclically ordered vertices vi,vj ,
and vk, the signed area is

Aτ =
1
2

det(vk − vj ,vi − vj)

=
1
2

(det(vk − vj ,vi)− det(vk,vj))

=
1
2

(〈R(vk − vj),vi〉+ det(vj ,vk)) ,

where R is a 90-degree counterclockwise rotation operator. The gradient of Aτ as a function of vi
is thus

∇iAτ =
1
2
R(vk − vj).
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8 R. J. RENKA

The formulas for the signed area and its gradient in the case of a planar quadrilateral τ with
vertex sequence vi,vj ,vk,vl are obtained by partitioning the quadrilateral into a pair of triangles
and observing that R(vk − vj) +R(vl − vk) = R(vl − vj):

∇iAτ =
1
2
R(vl − vj).

Note however that producing uniform quadrilateral areas is not likely to result in good quadrilateral
shapes. A better approach to smoothing a quadrilateral mesh might be to employ triangle-based
smoothing with each element split into two or four triangles (using the centroid of its vertices in the
latter case). In the case of a local method the splitting may be implicit, with the same quadrilateral
split in different ways in computing its contribution to different vertices. The most effective method
remains to be determined experimentally.

Tetrahedra and hexahedra. The signed volume of a tetrahedron with cyclically ordered vertices
vi,vj ,vk, and vl is

Aτ =
1
6

det(vk − vl,vj − vl,vi − vl)

=
1
6

(det(vk − vl,vj − vl,vi)− det(vk − vl,vj − vl,vl))

so that the gradient is

∇iAτ =
1
6

(vk − vl)× (vj − vl).

The same gradient formula applies to a hexahedron in which vj ,vk, and vl are the vertices
to which vi is connected. However, the relationship of hexahedra to tetrahedra is similar to that
of quadrilaterals to triangles, and hexahedra are probably best treated by partitioning them into
tetrahedra.

4. TEST RESULTS

While the new methods apply to all types of meshes, we present test results here only for planar
triangle meshes for which we were able to easily implement and test several alternative methods
for comparison with the new methods. Extension to other mesh types will be the subject of future
research.

We have tried to include enough details here for a reader to duplicate our results. In order to
assess the relative merits of various smoothing methods we employ the following triangle mesh
quality measures.

• q = 2rin/rout minimized over the triangles, where rin and rout are the radii of inscribed and
circumscribed circles, respectively, of a triangle.

• α is the smallest angle in degrees.
• γ is the largest angle in degrees.
• σ = std(r)/mean(r), where r is the ratio of triangle area to centroidal value of a relative sizing

function. The value is expressed as a percentage.

The normalization factor of 2 in the commonly used aspect ratio q puts the values in the range [0, 1]
with 0 corresponding to a degenerate triangle and 1 corresponding to an equilateral triangle. The
measure σ of deviation from uniformity or conformity to a relative sizing function, is similar to that
of Persson and Strang ([38]). A good mesh has large values of q and α, and small values of γ and σ.

We present test results for the following methods (which were described in sections 2 and 3):

• None: unaltered input mesh.
• Laplacian smoothing: each vertex is moved to the average of its neighboring vertex positions

(Field [18]).
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MESH IMPROVEMENT BY MINIMIZING SQUARED ELEMENT VOLUMES 9

• smart Laplacian: a vertex is moved only if the move results in an increase in the smallest
affected angle (Freitag [20]).

• ODT (Optimal Delaunay Triangulation): convex combination of circumcenters weighted by
relative triangle area. The method was modified to use barycenters in place of circumcenters in
triangles with a boundary edge, and to move a vertex only if no inverted triangles are created
by the move (Chen and Xu [24]).

• CPT (Centroidal Patch Triangulation): convex combination of triangle barycenters weighted
by relative area (Chen [25]).

• WCI (Weighted Centroid of Incenters): convex combination of triangle incenters weighted
by relative area (Mukherjee [39]).

• angle-Zhou: heuristic method using average of rotated points (Zhou and Shimada [29]).
• angle-Xu: sum of squared distances to angle bisectors (Xu and Newman [40]). The method

was modified to use a Gauss-Seidel iteration in place of Gauss-Newton.
• angle-SSV: uniform distances to polygon sides (new method).
• CVT (Centroidal Vononoi Tessellation): Lloyd’s algorithm. The method was modified to

move a vertex only if no inverted triangles are created by the move (Du and Gunzburger
[22]).

• SSV-SOR: sum of squared simplex volumes (triangle areas), nonlinear SOR solver (new local
method).

• SSV-TR: sum of squared simplex volumes, Trust Region method (new global method).
• hybrid-SSV: combination of the new local area-based and angle-based methods — angle-

SSV run on the output produced by SSV-SOR.

All of the methods except SSV-TR are local in the sense that vertex positions are updated one
at a time in a Gauss-Seidel fashion. Each outer iteration consists of one or two smoothing sweeps
followed by enough edge swaps to restore the Delaunay triangulation criterion. Each edge swapping
sweep (loop through the edges) tests only the edges that were affected by swaps in the previous
sweep, and a few sweeps are generally enough to create a Delaunay triangulation (constrained by the
required boundary edges). We found that in the angle-based methods, CVT, and SSV, efficiency was
maximized by two smoothing sweeps between edge swapping loops, while in the case of Laplacian
smoothing and methods CPT, WCI, and particularly ODT, we obtained better results by applying
edge swaps between every pair of smoothing sweeps. In order to get comparable execution times per
iteration in Table V below, we used a single smoothing sweep between edge swapping loops for all
methods in that case. No edge swapping sweeps were used in the Table VI results. In most cases the
outer iteration counts, labeled nit in the tables, were chosen to maximize α. Some of the methods,
however, exhibited very gradual monotonic increase in α. In those cases the iteration count was
somewhat arbitrarily set to 20 in Tables I-III. The tabulated iteration count for hybrid-SSV includes
only the angle-SSV iterations. With the exception of the Table VI test, the SOR relaxation factor
was set to 1, so that the method is actually Gauss-Seidel.

For our first test data set, borrowed from [29], we placed 21 vertices uniformly distributed on
each edge of the square [−1, 1]× [−1, 1], and 500 vertices randomly distributed in the interior. We
then constructed the Delaunay triangulation with 80 fixed boundary vertices, 500 free vertices, and
1078 triangles. The Matlab random number generator rand was initialized (seeded with 0) before
creating the data set. Figure 1 depicts the initial mesh and the results from three of the smoothing
methods.

Table I displays the mesh quality measures for the results of smoothing with various methods.
The sizing function is constant for this data set. Based on the tabulated results, we observe that
Laplacian smoothing is not very effective for this data set, and smart Laplacian smoothing is even
worse. ODT produced slightly better results than CPT or WCI. This is in agreement with results
from Chen and Holst ([28]). Also as expected, angle-Xu is a little better than angle-Zhou. The best
methods as measured by q and α are angle-SSV, CVT, SSV-SOR, SSV-TR, and hybrid-SSV, and the
last four methods are clearly superior as measured by γ and σ.

In order to test the effect of the randomness in the data, we produced a second data set, identical
to the first but with a different random sequence (seed 1). The iteration counts were again chosen
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Figure 1. Upper left: initial Delaunay triangulation. Upper right: Laplacian smoothing. Lower left: local
squared element volume method. Lower right: new angle-based method.

to maximize α. The results in Table II support the conclusions from the Table I data except that the
difference between angle-Zhou and angle-Xu is too close to call, and the CVT values of q and γ call
into question the consistency of that method.

Our third data set was created by Persson and Strang’s code distmesh2d ([38]). It consists of a
square [−1, 1]× [−1, 1] with a circular hole of radius 0.5 in the center and vertex distribution based
on the edge-length function

h(x, y) = 0.05 + 0.3(
√
x2 + y2 − 0.5)

and h0 = 0.05 as the vertex separation distance in the initial mesh. The resulting mesh has 412
triangles and 251 vertices, 90 of which lie on the two boundary curves leaving 161 free vertices. We
took our sizing function to be h(x, y)2, and this was used by methods ODT, CPT, WCI, CVT, and
SSV. The mesh created by distmesh2d had very high quality and uniformity, but almost all of the
methods improved the triangle quality slightly, and the SSV methods reduced σ from 7.4% to 5.8%
(SSV-SOR) and 4.3% (SSV-TR). To make the test more interesting we randomly perturbed the free
vertices with the constraint that no degenerate or inverted elements were created. The resulting data
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Table I. Mesh quality measures for smoothing the Figure 1 mesh.

Smoothing method nit q α γ σ
None 0 0.00 0.8 177.6 82.3
Laplacian 4 0.40 22.0 123.6 49.4
smart Laplacian 4 0.29 20.8 134.1 52.1
ODT 4 0.60 28.1 108.8 21.1
CPT 3 0.53 28.3 114.5 28.8
WCI 4 0.55 27.3 113.0 31.8
angle-Zhou 18 0.64 26.0 103.8 29.5
angle-Xu 21 0.66 28.0 102.3 29.5
angle-SSV 18 0.67 32.6 103.4 25.8
CVT 20 0.75 34.6 97.4 9.6
SSV-SOR 20 0.74 32.2 96.0 4.0
SSV-TR 20 0.71 36.0 100.6 2.6
hybrid-SSV 9 0.82 40.5 90.8 12.5

Table II. Mesh quality measures for smoothing a mesh similar to that of Figure 1 (random vertices in a
square).

Smoothing method nit q α γ σ
None 0 0.00 0.2 179.4 81.9
Laplacian 4 0.49 21.4 117.5 47.8
smart Laplacian 4 0.42 20.1 123.1 50.7
ODT 6 0.65 27.9 105.5 20.0
CPT 20 0.56 26.5 109.5 23.7
WCI 20 0.61 23.8 105.6 27.7
angle-Zhou 27 0.62 25.5 106.6 28.1
angle-Xu 14 0.61 27.5 108.1 28.0
angle-SSV 19 0.67 29.0 103.8 24.6
CVT 20 0.55 30.6 113.0 10.3
SSV-SOR 20 0.70 31.4 101.1 4.2
SSV-TR 10 0.67 29.2 103.2 6.4
hybrid-SSV 6 0.84 40.2 88.1 12.4

set is depicted in Figure 2, and the results of smoothing the data set appear in Table III. They are
similar to those in Tables I and II except that angle-SSV and hybrid-SSV are not among the best
methods for this data set, and angle-Zhou outperformed angle-Xu.

The next data set was constructed by again perturbing the free vertices in the triangulation created
by distmesh2d but with very large perturbations. In fact all the free vertices were moved to the right
edge x = 1 as depicted in Figure 3a. Only the angle-based methods and SSV-SOR were able to
untangle the mesh, and only SSV-SOR produced good results. The smoothing results are in Table
IV. The hybrid method was not effective for this data set.

In order to construct a data set for which a global method is more suitable, we uniformly
partitioned an equilateral triangle into 16 subtriangles with 12 boundary vertices and 3 interior
vertices, perturbed the interior vertices, and applied three uniform refinements in which each triangle
is partitioned into four similar subtriangles by connecting the edge midpoints. The intent was to
duplicate [28, Figure 7]. The resulting mesh, depicted in Figure 4, has 561 vertices and 1024
triangles. Smoothing results appear in Figure 4 and Table V.
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Figure 2. Upper left: initial triangulation. Upper right: Laplacian smoothing. Lower left: local squared
element volume method. Lower right: new angle-based method.

The smoothing results in Table V are similar to those of Chen and Holst in [28]. The global
method converged in three iterations to a perfect solution. Among the local methods, angle-SSV
produced the best triangle quality by all three measures, SSV-SOR produced the best uniformity
with ODT very close, and angle-Xu and Laplacian smoothing required the least time. The execution
times are seconds on a MacBook Air with a 1.8 GHz Intel Core i7 processor running Matlab
R2013b, and were computed as the average of several runs. The last column in the table is the
time per iteration, where an iteration consists of one smoothing sweep and enough edge swapping
sweeps to restore the Delaunay criterion. The time required for edge swapping is slightly less than
the smoothing time for Laplacian smoothing. The iteration times were computed by subtracting the
time associated with zero iterations (0.6 seconds) and dividing by the iteration count. They appear
to be consistent with operation counts.

For the next data set we took a 16 by 16 rectangular grid in the square [−1, 1]× [−1, 1] with 60
boundary vertices, 196 free vertices, and 450 triangles, and moved the free vertices to the origin,
resulting in 390 degenerate triangles and 84 degenerate triangle patches as depicted in Figure 5.
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Table III. Mesh quality measures for smoothing the Figure 2 mesh.

Smoothing method nit q α γ σ
None 0 0.01 2.0 138.4 49.8
Laplacian 20 0.54 19.8 113.8 26.6
smart Laplacian 1 0.38 17.2 119.9 30.7
ODT 3 0.52 28.6 115.4 18.2
CPT 8 0.52 26.9 114.0 16.7
WCI 7 0.46 23.1 117.4 20.1
angle-Zhou 2 0.47 23.7 119.1 23.0
angle-Xu 2 0.36 20.0 128.5 31.0
angle-SSV 1 0.50 20.6 117.1 29.6
CVT 3 0.61 29.4 108.7 16.1
SSV-SOR 5 0.56 31.7 113.0 8.1
SSV-TR 5 0.52 30.0 115.4 8.6
hybrid-SSV 1 0.55 22.6 111.6 21.5

Table IV. Mesh quality measures for smoothing the tangled mesh in Figure 3.

Smoothing method nit q α γ σ
None 0 0.00 0.00 180.0 2031.6
Laplacian 16 0.00 0.9 177.0 2081.6
angle-Zhou 21 0.16 11.8 147.2 88.9
angle-Xu 13 0.37 15.6 126.8 76.4
angle-SSV 20 0.34 14.4 128.2 92.2
SSV-SOR 49 0.67 29.2 103.7 8.8
hybrid-SSV 1 0.61 28.9 107.1 19.1

Table V. Mesh quality measures and execution times for smoothing the equilateral triangle mesh of Figure 4.

Smoothing method nit q α γ σ time iter-time
None 0 0.57 20.6 94.9 32.7 0.6 0.00
Laplacian 12 0.66 36.1 104.8 19.5 1.2 0.05
smart Laplacian 12 0.70 34.9 101.5 23.7 2.5 0.16
ODT 47 0.73 36.9 98.8 7.0 5.7 0.11
CPT 36 0.79 37.6 93.7 10.1 2.5 0.05
WCI 38 0.81 41.2 92.0 10.9 5.5 0.13
angle-Zhou 64 0.73 36.3 99.2 14.7 5.1 0.07
angle-Xu 8 0.72 38.1 99.7 18.3 1.2 0.08
angle-SSV 17 0.84 42.3 89.3 14.5 1.8 0.07
CVT 24 0.81 38.4 91.5 17.2 3.5 0.12
SSV-SOR 44 0.69 34.9 101.8 5.5 3.4 0.06
SSV-TR 3 1.00 60.0 60.0 0.0 1.3 0.23

Table VI contains the iteration counts required to satisfy a convergence test defined by an upper
bound of 5× 10−6 on the maximum distance moved by a vertex for the local methods. The
table includes only the methods that could deal with the degenerate triangle patches for which
circumcenters and angles are not defined. No edge swaps were used and, for the local methods, each
iteration consists of one smoothing sweep. All of the included methods converged to nearly perfect
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Figure 3. Upper left: initial triangulation (tangled mesh). Upper right: Laplacian smoothing. Lower left: local
squared element volume method. Lower right: new angle-based method.

Table VI. Iteration counts for smoothing the Figure 5 mesh.

Smoothing method nit
Laplacian 143
CPT 144
WCI 167
angle-SSV 205
SSV-SOR 223
SSV-GS 1805
SSV-TR 12

solutions with q = 0.83, α = 45.0, γ = 90.0, and σ = 0.0. The row labeled SSV-GS corresponds to
the Gauss-Seidel method. An experimentally-determined optimal relaxation factor of 1.85 was used
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Figure 4. Upper left: initial triangulation constructed by uniform refinement. Upper right: Laplacian
smoothing. Lower left: global squared element volume method. Lower right: new angle-based method.

for SSV-SOR. This example demonstrates that SOR can have a significant advantage over Gauss-
Seidel on some data sets.

Our final data set was designed to test the anisotropic smoothing capability of the angle-based
method. The mesh was constructed by perturbing the free vertices in a 31 by 31 regular grid in the
square [−1, 1]× [−1, 1] with 1800 triangles and mesh widths varying linearly such that the ratio of
largest to smallest is 4 to 1. We chose a metric compatible with the boundary values as follows:
M = FTF for F = DRT , where R is a 45-degree rotation, and D = diag(1/s1, 1/s2) with scale
factors s1 = h(4− 1.5|y − x|) and s2 = h for nominal mesh width h = 2/30. The ratio of scale
factors varies linearly between 1/4 on the diagonal and 1 at the upper left and lower right corners
where |y − x| = 2. The mesh produced by the anisotropic smoothing method is depicted in Figure
6. As in the previous example, the output mesh is nearly identical to the unperturbed initial mesh
despite very large perturbations.

An anisotropic Voronoi diagram was computed by taking the Voronoi vertices to be the points that
F maps to the circumcenters of the F -transformed triangles, where F was evaluated as the average
of the three vertex values on each triangle. The plot in Figure 6 includes a square obtained by a 10%
expansion of the axis-aligned bounding box.
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Figure 5. Left: initial mesh with rectangular grid topology and all free vertices at the origin (390 degenerate
triangles). Right: mesh smoothed by global squared element volume method.

Figure 6. Left: mesh smoothed by anisotropic angle-based method. Right: anisotropic Voronoi diagram.

5. CONCLUSION

We have presented a new smoothing method whose description is simple enough to serve as the title
of the paper. It has both a local and global implementation. It is fast, easy to implement, and able
to deal with tangled meshes and degenerate element patches. The method is designed to produce a
uniform distribution of element volumes and, in the case of a triangle mesh with a simple boundary,
this results in good element shapes. A complex boundary requires a more elaborate method. In that
case the best method might be a hybrid in which the squared simplex volume method is used in
the interior, and vertices near the boundary are treated by something like the sliced-petal method
described in [27]. We also presented a new angle-based method and a more efficient implementation
of Xu and Newman’s angle-based method. As demonstrated by our test results, these methods
perform quite well on some data sets. The new method also provides for anisotropic smoothing.
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Extension of the methods to surface meshes is currently under investigation. Future work will also
include generalization to quadrilaterals and application of the methods to 3D meshes.
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27. Erten H, Üngör A, Zhao C. Mesh smoothing algorithms for complex geometric domains. Proceedings of the

Eighteenth International Meshing Roundtable, Salt Lake City, UT, USA, 2009; 175–193.
28. Chen L, Holst M. Efficient mesh optimization schemes based on Optimal Delaunay Triangulations. Computer

Methods in Applied Mechanics and Engineering 2011; 200: 967–984.
29. Zhou T, Shimada K. An angle-based approach to two-dimensional mesh smoothing. Proceedings of the Ninth

International Meshing Roundtable, New Orleans, LA, USA, 2000; 373–384.
30. Apel T. Anisotropic Finite Elements: Local Estimates and Applications, B. G. Teubner, Stuttgart, 1999.
31. Boissonnat J, Wormser C, Yvinec M. Anisotropic diagrams: Labelle Shewchuk approach revisited. Proceedings of

the Seventeenth Canadian Conference on Computational Geometry, Windsor, Ontario, Canada, 2005; 266-269.

Copyright c© 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (0000)
Prepared using nmeauth.cls DOI: 10.1002/nme



18 R. J. RENKA

32. Frey PJ, Alauzet F. Anisotropic mesh adaptation for transient flows simulations. Proceedings of the Twelfth
International Meshing Roundtable, Santa Fe, NM, USA, 2003; 335-348.

33. Haimes R, Aftosmis MJ. Watertight anisotropic surface meshing using quadrilateral patches. Proceedings of the
Thirteenth International Meshing Roundtable, Williamburg, VA, USA, 2004; 311-322.

34. Labelle F, Shewchuk JR. Anisotropic Voronoi diagrams and guaranteed-quality anisotropic mesh generation.
Proceedings of the Nineteenth Annual Symposium on Computational Geometry, New York, NY, USA, ACM 2003;
191–200.

35. Renka RJ, Neuberger JW. Minimal surfaces and Sobolev gradients. SIAM Journal on Scientific Computing 1995;
16: 1412–1427.

36. Renka RJ. A trust region method for constructing triangle-mesh approximations of parametric minimal surfaces.
Applied Numererical Mathematics 2014; 76C: 93–100.

37. Nocedal J, Wright SJ. Numerical Optimization, Springer, New York, 1999.
38. Persson PO, Strang G. A simple mesh generator in matlab. SIAM Review 2004; 46: 329–345.
39. Mukherjee N. A hybrid, variational 3D smoother for orphaned shell meshes. Proceedings of the Eleventh

International Meshing Roundtable, Ithaca, NY, USA, 2002; 379-390.
40. Xu H, Newman TS. An angle-based optimization approach for 2D finite element mesh smoothing. Finite Elements

in Analysis and Design 2006; 42: 1150–1164.

Copyright c© 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (0000)
Prepared using nmeauth.cls DOI: 10.1002/nme


